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Abstract
Let X be a nonsingular projective curve of genus g  1 defined over a field F which is assumed to
be the full field of constants of F(X), and let V be a linear system of divisors on X. We define the set
G(V;P1, . . . ,Pn) of V-Weierstrass gaps at the rational points P1, . . . ,Pn of X as being formed by the n-
tuples α = (α1, . . . , αn) such that V(α)  V(α − ej ) for some j ∈ {1, . . . , n} (here V(α) := {D ∈ V | D ∑n
i=1 αiPi} and ej = (δji )1in ∈ Nn). We call Nn \ G(V;P1, . . . ,Pn) the V-Weierstrass set associated
to V and P1, . . . Pn. The main result of this paper proves a sharp lower bound for #G(V;P1, . . . ,Pn).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a smooth complete curve of genus g  1 defined over a field F, such that F is the
full field of constants of the function field F(X) (so, e.g., if F is a finite field we are assuming
that X is geometrically irreducible—cf. [8, p. 108]). Given P1,P2 ∈ X the Weierstrass semi-
group of the pair (P1,P2) is defined as the set of pairs (α1, α2) of nonnegative integers such that
there is a function f ∈ F(X) having α1P1 + α2P2 as its pole divisor. The study of Weierstrass
semigroups of two points was initiated by S.J. Kim in 1994 (see [5]) and was later developed by
M. Homma (see [2]). Since then, the theory has been expanded and some results have been used
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associated to points P1, . . . ,Pn ∈ X was used to improve the methods to build such codes.
In the present work, we study a generalization of the notion of Weierstrass semigroup, which
we call the Weierstrass set associated to points P1, . . . ,Pn and a linear system V on X.
Let P1, . . . ,Pn be rational points of X and let V be a linear system of divisors on X. Given
α := (α1, . . . , αn) ∈ Zn we define
V(α) := V(α1, . . . , αn) =
{
D ∈ V
∣∣∣D  n∑
i=1
αiPi
}
.
Observe that V(α) is a sub-linear system of V ; also if αi  βi for all i = 1, . . . , n then
V(α) ⊂ V(β), where α = (α1, . . . , αn) and β = (β1, . . . , βn).
For i = 1, . . . , n let ei ∈ Nn be the n-tuple having zero at all positions except the ith, where
there is a 1 (in this paper N is the set of nonnegative integers).
1.1. Definition. We say that α = (α1, . . . , αn) ∈ Nn is a (V;P1, . . . ,Pn)-Weierstrass gap (or sim-
ply a V-gap) if dimV(α − ej ) = dimV(α)+ 1 (or equivalently, V(α)  V(α − ej )) for some j ∈
{1, . . . , n}. The set of V-gaps is denoted by G(V;P1, . . . ,Pn) and the set H(V;P1, . . . ,Pn) :=
Nn \ G(V;P1, . . . ,Pn) is the Weierstrass set associated to V and the points P1, . . . ,Pn.
Note that when V is the canonical linear system of X then H(V;P1, . . . ,Pn) is the Weierstrass
semigroup associated to the points P1, . . . ,Pn (cf. e.g. [1]). Note also that when n = 1 then α is
a (V,P )-gap if and only if α − 1 is a hermitian P -invariant, also called a (V,P )-order (see [9]).
In what follows we will give a geometrical interpretation for the definition and some results,
relating V-gaps to the hermitian invariants at Pi , i = 1, . . . , n (see e.g. [9] for results on these
invariants). In the last section we give a sharp lower bound for the number of V-gaps (namely,
we prove that #G(V;P1, . . . ,Pn)
(
n+1+dimV
n
)− 1), with a closer look to the case when X is a
hyperelliptic curve and V is the canonical linear system.
2. First results
2.1. We begin by observing that the number of V-gaps is finite. In fact, if α = (α1, . . . , αn) is
such that
∑n
i=1 αi  degV + 2 then V(α) = V(α − ej ) = ∅ for all j = 1, . . . , n, hence α is not
a V-gap. Furthermore, let αi := (αi1, . . . , αin) ∈ H for i = 1, . . . ,m, and let βj = max{αij ;
i = 1, . . . ,m} for all j ∈ {1, . . . , n}; then β := (β1, . . . , βn) ∈ H . Indeed, one may observe
that V(β − ej ) ⊂ V(αi − ej ) for every i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}. Suppose, by means
of absurd, that there exists j ∈ {1, . . . , n} such that βj > 0 and V (β)  V (β − ej ), and let
E ∈ V (β − ej ) \ V (β). Let i ∈ {1, . . . , n} be such that βj = αij , then E ∈ V (αi − ej ) \ V (αi ),
a contradiction to the fact that αi ∈ H . (This result had already been proved, when V is the
canonical linear system, in [1, Lemma 2.8] under the extra assumption that #F > n.)
2.2. Suppose that V is a complete linear system, say V = |D|, and denote by K a canonical di-
visor. It is an easy consequence of the Riemann–Roch theorem that α = (α1, . . . , αn) ∈ H if and
only if h0(K − D +∑ni=1 αiPi) = 1 + h0(K − D +∑ni=1 αiPi − Pj ), for all j = 1, . . . , n.
Suppose further that F is a perfect field with #F > n and denote by vP (E) the coefficient
of P in a divisor E, then α = (α1, . . . , αn) ∈ H if and only if there exists f ∈ F(X) such that
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deed, from what was done above, if α ∈ H then for each j = 1, . . . , n there exists fj ∈ F(X) such
that vPj (div(fj ) + K − D)−αi when i = j and vPj (div(fj ) + K − D) = −αj ; since F is a
perfect field, for each i ∈ {1, . . . , n} we may consider f1, . . . , fn as elements of the Pi -adic com-
pletion of F(X), thus fj = ajmj,i tmj,ii + · · · where ti is a local parameter at Pi , mj,j = −αj and
mj,i  −αi for all i, j ∈ {1, . . . , n}; now it suffices to observe that we may find a1, . . . , an ∈ F
such that vPi (div(
∑n
j=1 ajfj )+K −D) = −αi for all i = 1, . . . , n: in fact, we want (a1, . . . , an)
to avoid n hyperplanes in Fn, this is clearly possible if F is infinite, and in the finite field case we
use that (#F)n > n(#F)n−1, a consequence of the hypothesis.
2.3. With the same assumptions on V and F, one may show that if α = (α1, . . . , αm),
β = (β1, . . . , βm) ∈ H are such that βi0 = αi0 > 0 for some i0 ∈ {1, . . . , n} then there ex-
ists γ = (γ1, . . . , γm) ∈ H such that γi = max{αi,βi} if i = i0 and αi = βi ; γi  αi if
i = i0 and αi = βi ; and γi0 < αi0 . In fact, by 2.2 we know that there are f,g ∈ F(X) such
that vPi (div(f ) + K − D) = −αi and vPi (div(g) + K − D) = −βi , for i = 1, . . . , n. Let
f = a−αi0 t
−αi0
i0
+ · · · and g = b−βi0 t
−βi0
i0
+ · · · be the Pi0 -adic expansion of f and g with respect
to a local parameter ti0 at Pi0 ; set h := b−βi0 f − a−αi0 g and γi := −vPi (div(h) + K − D), for
i = 1, . . . , n; again by 2.2 we get that (γ1, . . . , γn) ∈ H .
2.4. As a consequence of these properties, and also assuming that F is perfect, #F > n and
that V is a complete linear system, we may prove the following facts. Let i0 ∈ {1, . . . , n}, let
α1, . . . , αn be nonnegative integers such that αi0 = 0, α := (α1, . . . , αn) /∈ H and let βi0 :=
min{β ∈ N | α + βei0 ∈ H }. Then (γ1, . . . , γn) /∈ H whenever γi0 = βi0 , 0  γi  αi for all
i ∈ {1, . . . , n}, i = i0, with γj < αj if αj > 0 (in particular (0, . . . ,0, βi0,0, . . . ,0) /∈ H , i.e.
βi0 is a V-gap at Pi0 ). Indeed, if such (γ1, . . . , γn) is in H , then, by 2.3 there exists δi0 < βi0
such that α + δi0ei0 ∈ H , which contradicts the choice of βi0 . Also, for all nonnegative inte-
gers γ1, . . . , γn such that γi0 = 0, γi  αi (∀i ∈ {1, . . . , n}, i = i0) with γj > αj if αj > 0, and
γ := (γ1, . . . , γn) /∈ H , we get βi0 = min{β | γ + βei0 ∈ H }, since if equality would hold then
there would exist δi0 < βi0 such that γ + δi0ei0 ∈ H , a contradiction. Now, for i0 ∈ {1, . . . , n},
let αi0 be a V-Weierstrass gap at Pi0 and let α := (α1, . . . , αn) be a minimal element of the set
{(γ1, . . . , γn) ∈ H | γi0 = αi0} with respect to the semiorder  defined in Nn by (β1, . . . , βn)
(γ1, . . . , γn) if βi  γi for all i = 1, . . . , n, then αi0 = min{β ∈ N | α + (β −αi0)ei0 ∈ H } (in par-
ticular, α − αi0ei0 /∈ H ). In fact, since αi0 is a V-Weierstrass gap at Pi0 we must have αi1 > 0
for some i1 ∈ {1, . . . , n}, i1 = i0 (clearly we also have αi0 > 0); suppose by means of absurd that
α + (β − αi0)ei0 ∈ H and 0 β < αi0 , then by 2.3 there exists (γ1, . . . , γn) ∈ H , with γi0 = αi0 ,
γi  αi for all i ∈ {1, . . . , n}, i = i0 and γi1 < αi1 , in contradiction with the choice of α.
2.5. Proposition. Assume that V is a complete linear system. Let α := (α1, . . . , αn) ∈ H be such
that αi0 > 0 and α + (β − αi0)ei0 /∈ H , if 0 β < αi0 . Then dimV(α) degV −
∑n
i=1 αi + 1.
Proof. Say V = |D|, then dimV(α) = h0(D −∑ni=1 αiPi) − 1; the Riemann–Roch theorem
implies that dimV(α) degV −∑ni=1 αi + 1 if and only if h0(K − D +∑ni=1 αiPi) g + 1,
where K is a canonical divisor. If K − D +∑ni=1 αiPi is special then Clifford’s theorem yields
h0(K − D +∑ni=1 αiPi) g. Let us assume now that K − D +∑ni=1 αiPi is nonspecial, and
suppose by means of absurd that h0(K − D +∑ni=1 αiPi) g + 2. In this case deg(K − D +∑n
i=1 αiPi)  2g + 1 so deg(K − D +
∑n
i=1 αiPi − Pi0 − Pj )  2g − 1 and h0(K − D +
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i=1 αiPi − Pi0) = h0(K − D +
∑n
i=1 αiPi − Pi0 − Pj ) + 1 for all j ∈ {1, . . . , n}, and by 2.2
we get α − ei0 ∈ H , which is absurd. 
2.6. We have already remarked that in the case n = 1 we know that α is a (V;P)-gap if and only
if α − 1 is a V-order at P ∈ X. Such orders have a geometrical meaning (see e.g. [9]) which we
extend to n 1 (see also [2], for the case where n = 2 and V is the canonical linear system).
Let V be a base-point free linear system of dimension r over X, and let D be the complete
linear system such that V ⊂ D. Thus, there are a divisor D and functions f0, . . . , fr ∈ H 0(D)
such that D = |D| and V = {div(∑nj=1 ajfj ) + D | (a1, . . . , an) ∈ Fn}. We may associate to V
a morphism ϕ given by (f0 : . . . : fr) :X → Pr (F) which is unique up to linear transformations
of Pr (F). The points P ∈ X may be thought of as the branches of the points ϕ(P ) ∈ ϕ(X) and
given a hyperplane L ⊂ Pr (F) of equation a0X0 + · · · + arXr = 0, the intersection multiplicity
of L and ϕ(X) at (the branch) P ∈ X is given by vP (div(a0f0 + · · · + arfr) + D). Given ratio-
nal points P1, . . . ,Pn ∈ X and α = (α1, . . . , αn) ∈ Nn we know that α is a V-gap if and only if
dimV(α−ej ) = dimV(α)+1 for some j ∈ {1, . . . , n}; equivalently, there exist f ∈ 〈f0, . . . , fr〉
and j ∈ {1, . . . , n} such that vPj (divf + D) = αj − 1 and vPi (divf + D)  αi for all
i ∈ {1, . . . , n} \ {j}. Thus we have a geometrical characterization for the set of V-gaps: α is a
V-gap if and only if there exist j ∈ {1, . . . , n} and a hyperplane L ⊂ Pr (F) with intersection mul-
tiplicity αj − 1 at Pj and greater than αi − 1 at Pi , for all i ∈ {1, . . . , n} \ {j}. As a consequence,
we get that if α is a V-gap then αj is a (V;Pj )-gap for some j ∈ {1, . . . , n} (this fact also follows
from a property proved in 2.1).
Another characterization of the set of V-gaps may be obtained by using osculating spaces.
Given j ∈ {1, . . . , n} and α ∈ N we define L(Pj ,α) as the intersection of all the hyperplanes
intersecting ϕ(X) at Pj with multiplicity at least α.
2.7. Proposition. Suppose that F is a perfect field and let α = (α1, . . . , αn) ∈ Nn. Given
j ∈ {1, . . . , n}, let S(j,α) ⊂ Pr (F) be the linear space spanned by L(Pi,αi), i = j ,
i ∈ {1, . . . , n}. Then α is a V-gap if and only if there exists j ∈ {1, . . . , n} such that the di-
mension of the linear space spanned by L(Pj ,αj − 1) and S(j,α) is less than r and αj is a
(V;Pj )-gap.
Proof. Let t be a local parameter at a rational point P ∈ X and let D(i)t be the ith Hasse derivative
with respect to t (i.e. D(i)t is defined on F[t] as D(i)t (
∑
aj t
j ) :=∑(j
i
)
cj t
j−i and is extended
in the obvious way to F(t), to finite separable extensions of F(t) and to the Laurent-type series
in the P -adic completion of F(X); see [7]). Let us take t to be a local parameter at Pi for all
i ∈ {1, . . . , n}. Writing V = {div(∑nj=1 ajfj ) + D | (a1, . . . , an) ∈ Fn} let ei = min{vPi (fj ) |
j = 0, . . . , r}, where i ∈ {1, . . . , n}, then vPi (t−ei fj ) 0 for all j = 0, . . . , r and ϕ is also given
by (t−ei f0 : . . . : t−ei fr ) : X → Pr (F). Let i ∈ {1, . . . , n}, from Theorem 1.1 in [9] we know that
given a positive integer α the linear space L(Pi,α) is spanned by the points ((D(k)t (t−ei f0))(Pi) :
. . . : (D(k)t (t−ei fr ))(Pi)), where k = 0, . . . , α − 1. Thus, from the geometrical characterization
of V-gaps given in 2.6 we get that α is a V-gap if and only if there are j ∈ {1, . . . , n} and a
hyperplane L, given by an equation h(X0, . . . ,Xr) = 0 such that:
(i) h((D(k)t (t−ej f0))(Pj ), . . . , (D(k)t (t−ej fr))(Pj )) = 0 for all k = 0, . . . , αj − 2,
(ii) h((D(αj−1)t (t−ej f0))(Pj ), . . . , (D(αj−1)t (t−ej fr ))(Pj )) = 0, and
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{1, . . . , n}, i = j .
Conditions (i) and (ii) are equivalent to αj being a (V;Pj )-gap, the existence of a hyperplane
satisfying (i) and (iii) is equivalent to the dimension of the linear space spanned by L(Pj ,αj −1)
and S(j,α) being less than r . 
3. Results on G(V;P1, . . . ,Pn)
Let V be a linear system and P1, . . . ,Pn be rational points of X. We remarked at the beginning
of the previous section that #G(V;P1, . . . ,Pn) < ∞. In the following theorem we present a lower
bound for the number of V-gaps. This generalizes a result in [4], which was obtained assuming
char(F) = 0 and used a completely distinct method. We will denote G(V;P1, . . . ,Pn) simply
by Gn.
3.1. Theorem. Let V be a linear system and P1, . . . ,Pn be rational points of X. Then #Gn (
n+1+dimV
n
)− 1 for all n 1.
Proof. Given a positive integer m and any i = 1, . . . , n we denote by mei the sum of m copies
of the vector ei . Let d = degV . We start by determining a lower bound for the number of V-
gaps α = (α1, . . . , αn) with exactly n − r zero entries, r ∈ {1, . . . , n}. For the case r = 1, let
j ∈ {1, . . . , n}; from the inclusions V ⊃ V(ej ) ⊃ · · · ⊃ V(dej ) ⊃ V((d + 1)ej ) = ∅ we see
that the number of V-gaps with the j th entry as the only nonzero entry is dimV + 1, since
at each step the dimension jump is at most 1. Now let 2  r  n and let α = (α1, . . . , αn)
be such that αi > 0 for all i = 1, . . . , r − 1 and αj = 0 for all j = r, . . . , n. From the inclu-
sions V(α) ⊃ V (α + er ) ⊃ · · · ⊃ V(α + der ) = ∅ we get that the number of V-gaps of the
form (α1, . . . , αr−1, β,0, . . . ,0), with β a positive integer is at least dimV(α) + 1. Clearly
dimV(α) dimV−∑r−1i=1 αi ; let Ar−1 := {(β1, . . . , βn) ∈ Nn | βi > 0 for i = 1, . . . , r−1; βr =
· · · = βn = 0 and r − 1 ∑r−1i=1 βi  dimV}, then ∑(β1,...,βn)∈Ar−1(dimV + 1 −∑r−1i=1 βi) is a
lower bound for the number of V-gaps of the form (β1, . . . , βn), where βi > 0 for i ∈ {1, . . . , r}
and βi = 0 if r + 1 i  n. Thus
(
n
r
)∑
(β1,...,βn)∈Ar−1(dimV + 1 −
∑r−1
i=1 βi) is a lower bound
for the number of gaps having exactly n− r entries equal to zero, with r ∈ {2, . . . , n}. From these
calculations, we get
#Gn  n(dimV + 1) +
n∑
r=2
(
n
r
) ∑
(β1,...,βn)∈Ar−1
(
dimV + 1 −
r−1∑
i=1
βi
)
.
On the other hand, given (β1, . . . , βn) ∈ Ar−1, the number of monomials of the type
X
β1
1 · · ·Xβr−1r−1 Xβr with β > 0 and of degree at most dimV + 1 is dimV + 1 −
∑r−1
i=1 βi . Thus(
n
r
)∑
(β1,...,βn)∈Ar−1(dimV+1−
∑r−1
i=1 βi) is the number of all monomials in n variables with de-
grees ranging from r to dimV+1, such that in each monomial exactly r variables have a nonzero
exponent (r ∈ {2, . . . , n}). From this we get that the right-hand side of the above inequality is the
number of monomials in n variables with degrees ranging from 1 to dimV + 1. 
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describes the set of V-gaps for a generic n-tuple in Xn, showing that under some restrictions on
F the lower bound on the above theorem is attained.
3.2. Theorem. Assume that F is an algebraically closed field of characteristic p, where p = 0
or p > 2g − 2. Then there exists an open set U ⊂ Xn such that Gn = {(α1, . . . , αn) ∈ Nn | 0 <∑n
i=1 αi  dimV + 1} (hence #Gn =
(
n+1+dimV
n
)− 1).
Proof. It suffices to show that there is an open set U ⊂ Xn such that for all (P1, . . . ,Pn) ∈ U we
get dimV(α1, . . . , αn) = dimV−∑ni=1 αi , where 0∑ni=1 αi  dimV+1 (here we are assum-
ing, as usual, that dim∅ = −1). From the upper semicontinuity of the function dimV(α1, . . . , αn)
in Xn and the fact that dimV(α1, . . . , αn) dimV −∑ni=1 αi , it is enough to show that equal-
ity holds for one n-tuple (P1, . . . ,Pn). From the hypothesis on the characteristic of F, the
set of (V;P)-gaps, where P is a general point of X, is {1, . . . ,dimV + 1} (see [9, Corol-
lary 1.8]), hence dimV(βP ) = dimV − β , which proves the theorem in the case n = 1. Now
we proceed by induction on n, so let us assume that there are P1, . . . ,Pn−1 ∈ X such that
dimV(α1, . . . , αn−1) = dimV −∑n−1i=1 αi for all (α1, . . . , αn−1) ∈ Nn−1 with 0 ∑n−1i=1 αi 
dimV + 1. Again, the hypothesis on char(F) imply that the order sequence associated to the
linear system V(α1, . . . , αn−1) is 0,1, . . . ,dimV(α1, . . . , αn−1), hence for a general point Pn of
X we get dimV(α1, . . . , αn) = dimV −∑ni=1 αi , for 0  αn  dimV + 1 −∑n−1i=1 αi , which
completes the induction and the proof. 
Now we present an example which shows that the lower bound of Theorem 3.1 is sharp in any
characteristic.
3.3. Theorem. Let X be a hyperelliptic curve of genus g  2 and defined over a perfect field F
which is the full constant field of F(X). Let V be the canonical linear system and suppose that
X possesses n distinct rational, non-Weierstrass points P1, . . . ,Pn, no two conjugated under
the hyperelliptic involution. Then Gn = {(α1, . . . , αn) ∈ Nn | 0 <∑ni=1 αi  g} (hence #Gn =(
n+g
n
)− 1).
Proof. As in the proof of the above theorem, it suffices to prove that dimV(α1, . . . , αn) =
g − 1 −∑ni=1 αi , where 0 ∑ni=1 αi  g. Since dimV(α1, . . . , αn) = h1(∑ni=1 αiPi) − 1 we
may equivalently prove that h0(
∑n
i=1 αiPi) = 1 whenever 0
∑n
i=1 αi  g. Thus, suppose that
h0(
∑n
i=1 αiPi) > 1. Then there exists f ∈ F(X)\F whose pole divisor is of the form
∑n
i=1 βiPi ,
with βi  αi for all i = 1, . . . , n, so [F(X) : F(f )] =∑ni=1 βi . Since no Pi is conjugated to a Pj
under the hyperelliptic involution we must have f ∈ F(X) \ F(x), where F(x) is the unique ra-
tional subfield of F(X) such that [F(X) : F(x)] = 2, and from F(x)  F(x, f ) ⊂ F(X) we get
F(x, f ) = F(X). From the Castelnuovo–Severi inequality (see e.g. [8, p. 130]) applied to the
extensions F(x)  F(x, f )  F(f ) we get g 
∑n
i=1 βi − 1, hence g <
∑n
i=1 αi , which ends the
proof. 
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